i<δ A i ∈ K;
2. for each j < δ, A j K i<δ A i
if each
•
A4. If A, B, C ∈ K, A K C, B K C and A ⊆ B then
A K B.
• A5.
There is a Löwenheim-Skolem number LS(K) such that if
A ⊆ B ∈ K there is a A ∈ K with A ⊆ A K B and |A | < LS(K) + |A|.
VC for AEC?
Does VC hold for AEC?
NO! The set K = {α : α ≤ ℵ 1 } with K as initial segment is an AEC with ℵ 1 countable models.
But there are no large models. The upward Lowenheim-Skolem theorem is true for L ω,ω but not L ω 1 ,ω .
Must a counterexample to VC in L ω 1 ,ω have a model of power ℵ 2 or even ℵ 1 ?
Can it have a model in ℵ 2 ?
Constructing models of larger power Note that a sentence is complete if and only if it is a Scott sentence; so every model of a complete sentence is small. Note this proof has descriptive set theoretic content.
If σ is scattered and σ → σ, then σ is scattered.
Minimal sentences
Now we sketch the analysis of Harnik and Makkai [3] to show every counterexample to VC has an uncountable 'large' model. 
Note that T ∆ is consistent and complete for ∆.
Keisler [4] shows that the 'prime' part of Vaught's fundamental paper goes through for scattered σ. In particular,
Fact 9 A theory T that is complete for a countable fragment of L ω 1 ,ω and has only countably many pure types has a prime model.
Since σ is scattered, each T ∆ has a prime model (for ∆).
The first construction Lemma 10 If σ is a counterexample to the Vaught Conjecture and ∆ is smallest fragment containing σ, there is a strictly increasing
Proof. Fix a minimal counterexample σ to Vaught's conjecture and let ∆ 0 be a countable fragment containing σ ({σ} = T 0 ). Define by induction ∆ α , T α , M α such that
For this, let ∆ α be the minimal fragment containing β<α ∆ β and the Scott sentence of each M β for β < α. The M α are as required. 
REPLY: YES (Sacks) using admissible sets and Barwise compactness and a nice argument.
And in essence Makkai's original argument.
Bounds on well-orders
We rely on the following result which combines results of Lopez-Escobar, Morley, and Keisler. The ingredients are in [4] .
Theorem 13 Let τ be a similarity type which includes a binary relation symbol <. Suppose ψ is a sentence of L ω 1 ,ω (Q), M |= ψ, and the order type of (M, <) imbeds ω 1 . There is a model N of ψ with cardinality ℵ 1 such that the order type of (N, <) imbeds Q.
Constructing Small Uncountable Models
The proof of the next lemma is due to Shelah [6] (see Section 7.3 of [1] Add to τ a binary relation <, interpreted as a linear order of M with order type ω 1 . Using that M realizes only countably many types in any τ -fragment, write L ω 1 ,ω (τ ) as a continuous increasing chain of fragments
Extend the similarity type to τ by adding new 2n + 1-ary predicates E n (x, y, z) and n + 1-ary functions f n .
Let M satisfy E n (α, a, b) if and only if a and b realize the same ∆ α -type.
into the initial ω elements of the order, so that
All these assertions can be expressed by an L ω 1 ,ω (τ ') sentence φ. Let ∆ * be the smallest τ '-fragment containing φ ∧ ψ. Now by Lopez-Escobar (Theorem 13) there is a structure N of cardinality ℵ 1 satisfying φ ∧ ψ ∧ χ such that < is not well-founded on N .
Fix an infinite decreasing sequence , y) if for some i, E n (d i , x, y) . Now using 1), 2) and 3) prove by induction on the quantifier rank of φ for every L ω 1 , y) and by 4) E n (d 0 , x, y) has only countably many classes; so N is small.
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A small uncountable model
We conclude the result proved by Makkai [5] and by Sacks using admissible model theory. 
